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Abstract

The dispersion curves of the surface polaritons of a cylinder which is made of a
material with dispersive permittivity and permeability, and which is left-handed
over a frequency band, are calculated. It is found that there exist three surface
mode bands. With increasing wavevector the three bands converge to three
limiting frequencies, which are equal to the three corresponding frequencies
obtained for the slab geometry. The extinction properties of the cylinder are
derived, and the dependence of the extinction spectrum on the cylinder radius
is investigated.

1. Introduction

The electromagnetic properties of a material, in which both the permittivity and the
permeability assume negative values, have been analysed by Veselago [1]. Recently, such
left-handed materials (LHM) have been produced by combining arrays of metallic wires and
split-ring resonators [2]. The predicted negative refraction properties of these materials [1]
have been confirmed experimentally [3, 4]. Another prediction of Veselago was that a LHM
slab with a refractive index n = —1, would behave as a lens. Furthermore, Pendry [5] has
shown that such a slab acts as a perfect lens whose resolution is not limited by the classical
diffraction limit. This is because the slab acts as a lens not only for propagating waves, but
also for the evanescent near field radiation, due to the excitation of surface polariton states [6].
The possibilities of spherical and cylindrical perfect lenses made of negative refractive index
materials have also been discussed recently [7, 8].

Here we investigate the electromagnetic properties of a cylinder made of a LHM. We obtain
the dispersion curves of the surface polariton modes, i.e. the modes which have evanescent
behaviour both inside and outside the cylinder. We also calculate the extinction spectra of the
LHM cylinder, when irradiated by a normally incident plane wave.

1 On leave from: Soreq NRC, Yavne 81800, Israel.
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2. Surface modes of left-handed material cylinder

We consider a cylinder of radius a, with relative permittivity €(w) and relative permeability
u(w). The relative permittivity and permeability of the medium surrounding the cylinder, i,
and ¢, are assumed to be frequency independent. Using cylindrical coordinates (r, 6, z), the
dispersion equation for the eigenmodes having a exp(igz + inf) z and € dependence is given
by [9]

wl@)  pm O @k HoT o, 2(1 1)2
W ) v Hy) ] L 1@ oy Hywy |0 2) -

Here k; = ko /em, km = ko /Emim, Where kg = w./eoilo is the free space wavenumber.

V2 u

)]

J, and H, are Bessel and Hankel functions, respectively, with u = ,/k? — g%a and v =
vk — q?a.

The (g, w) plane can be divided into a number of separate regions according to the
behaviour of the electromagnetic fields inside and outside the cylinder. To demonstrate this
classification, we choose the following forms of the permittivity and the permeability, typical
to left-handed materials [10]

(1)2
elw)=1-— w—g )

F a)(z)
n(w)=1- S - 3)
w* — wj
In the numerical calculations the following values will be employed: plasma frequency,
wp = 10 GHz, magnetic resonance frequency, wo = 4 GHz and F = 1.25. With this
choice of parameters, the frequency range in which both ¢(w) and u(w) are negative, so that
the cylinder material is left-handed, extends from 4 to 6 GHz.

The radial behaviour of the fields outside the cylinder is oscillatory for k2 > ¢2, and
evanescent for g> > k2. Similarly, the radial behaviour of the fields inside the cylinder
is oscillatory for k[2 > ¢? and evanescent for g> > k?. This yields the six regions in the
(¢, ) plane shown in figure 1. Regions R;, R,, R3 constitute the radiative region, in which
the external fields are oscillatory, whereas in regions Sj, S, S3 the external fields decay,
essentially exponentially, with distance from the cylinder. In regions R;, R3, S1, S3 the field
dependence on r within the cylinder is non-oscillatory, while in R, and S, it is oscillatory. We
will calculate the dispersion of the pure surface modes, i.e. the modes that are characterized
by radially evanescent fields both inside and outside the cylinder, since these are of interest for
potential applications of left-handed materials. From the classification shown above, we find
that these modes are restricted to regions S} and S3. We have calculated the dispersion of the
n =0, 1, 2, 3 surface modes, for a cylinder of radius a, given by wpa/c = 0.5, and the results
are shown in figure 2. For each value of n there exist three surface modes, one in region S|
(band (a)) and two in region S3 (bands (b) and (c)). In each of the three surface mode series,
the n = 0 mode is the lowest, and the frequency increases with n. We note the limiting values
of the surface mode frequencies for large g. The lowest band, (a), in region S, converges to
the frequency wy. The middle band, (b), in region Sz, converges to the frequency w;, given by
u(wy) = —pum. The highest band, (¢), also in region S3, converges to the frequency w,, given
by e(w;) = —éen. These limiting values coincide with the corresponding large ¢ limits of
the surface polariton frequencies at a plane interface between the two media [11]. This could
be expected, since in the limit of extreme localization the frequencies of the cylinder surface
modes become independent of the finite curvature of the surface.
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Figure 1. Regions in the (¢, ») plane, where ¢, the wavevector component parallel to the cylinder
axis, is expressed in units of go = w/c. The curves which define the boundaries between the

regions are: (a) ¢ = /Emm®/c; (b) ¢ = Ve(w)u(w)w/c; (¢) © = wy.

Due to their evanescent behaviour outside the cylinder, the surface polaritons analysed
in this section do not interact with an externally applied electromagnetic plane wave. Such a
wave can only interact with polaritons in the radiative regions R;, R, and Rs3. This interaction
will be discussed in the next section, where the electromagnetic scattering properties of the
LHM cylinder are derived.

3. Scattering by a dielectric-magnetic cylinder

Since in the textbook solutions for the electromagnetic scattering properties of dielectric
cylinders [12, 13] it is assumed that they are non-magnetic (i.e. their permeability is equal
to the vacuum value () we outline here the solution for the magnetic case. We then describe
how the fact that the cylinder material is LHM manifests itself in the extinction spectra.

We assume a normally incident plane wave, with the magnetic field polarization parallel
to the cylinder axis (TE polarization). All the fields are expanded in terms of the cylindrical
vector wavefunctions [14]

M, =V x [@, Z,(kr) exp(in6)] )
N, = (1/k)V x M,. 5)

Here @, is a unit vector in the z direction, Z,(kr) represents a cylindrical Bessel or Hankel
function, and is chosen as follows. Inside the cylinder J, (k;r) is used and outside the cylinder
Ju(kyr) and H, (k,r) are used for the incident and scattered waves, respectively.
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Figure 2. Dispersion curves of n = 0, 1, 2, 3 surface polaritons for a cylinder with radius a given
by wpa/c = 0.5.

The fields of the incident wave are given by [12]

o0
E' = Eqexp(iknx) @, = i(Eo/kn) Y i"M,(knr) (6)
n=—00
- . — - . S -
H' = (1/iopopn)V x E' = (Eofopoim) Y ' Nalkr). @
n=-—00

The transmitted fields inside the cylinder are expanded in the form

oo
E'=i(Eo/ki) Y {"dyM,(kir) ®)
n=—00
— 0 -
H'= (Eofopon) Yy i"dN,(kir) ©)
n=-—00
and the scattered fields expansion is
o0
E, =i(Eo/ko) Y i"ayM,(knr) (10)
n=—00
— 0 —
H, = (Eo/opopn) Y, i"ayNy(knr). (11)
n=—00

The unknown expansion coefficients @, and d, are determined by the boundary conditions at
the surface of the cylinder. Requiring the tangential components of the electric and magnetic
fields to be continuous yields the equations

J, (kma)/ ke + ayH, (kma) [ ki = dy J, (kia) [ k; (12)
Jokma)/ pim + anH, (kpma) /i = dpJ, (kia)/ 11. (13)
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Figure 3. Extinction spectrum of a LHM cylinder of radius 0.1 cm. Full curve—TM polarization;
broken curve—TE polarization.

From these equations it is found that the scattered field coefficients are given by

ey k@) Ju(kia) = 1 (kma) J; (ki)
" nmH,(kma) Jy(kia) — nH,(kma) J; (kia)

where N, = /lim/ém and n = /11/¢.

When both the surrounding medium and the cylinder material are non-magnetic
(i.e. © = um = 1) the coefficients a, reduce to the well known expressions for dielectric
cylinders [12, 13].

The case in which the electric field polarization is parallel to the cylinder axis (TM
polarization) has been treated before [15], and the scattering coefficients have been shown
to be given by

(14)

_ MwdaCkma)Jy (kia) = 1J, (kna) J (ki)
" nmHy(kma)J) (kia) — nH)(kna)J, (kia)

5)

We note that the scattering coefficients given by equations (14) and (15) differ from those
employed in a recent work on the scattering properties of a LHM cylinder [16].

The optical properties of the cylinder are expressed in terms of widths, which are defined
as the cross-sections per unit length of the cylinder. These will be presented in a dimensionless
form, in units of the geometric width 2a. The extinction width of the cylinderis given by [12, 13]

Ce = —(2/kma) Z Re a, (16)

n=—0oQ
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Figure 4. Extinction spectrum of a LHM cylinder of radius 1 cm. Full curve—TM polarization;
broken curve—TE polarization.

for the TE polarization and by

Ce=—(2/kna) ) Reb, (17)

n=—0oQ

for the TM polarization.

4. Numerical results and discussion

Using equations (16) and (17) we have calculated the extinction of LHM cylinders having
a permittivity of the form (2) and a permeability of the form (3), but with a damping term
y = 0.03 added to both. The extinction spectrum of a very thin cylinder, of radius 0.1 cm,
is shown in figure 3. In this small size limit, the electrostatic and magnetostatic fields are
decoupled, the fields inside the cylinder are uniform, and the following simple interpretation
of the extinction peaks applies. By considering the contribution of the depolarization field, it
follows that the resonant frequencies, w;, of the electrostatic modes are given by

4
e(wj) =ém(1- N (18)
where N; is the depolarization factor for the given field direction. Similarly, the resonant
frequencies of the magnetostatic modes are given by

w(w;) = fm <1 - 4—ﬂ) . (19)
N;

The depolarization factors of the cylinder are 27 for a field direction perpendicular to the

cylinder, and zero for a field direction parallel to the cylinder. The corresponding magnetostatic
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Figure 5. Extinction spectrum of a LHM cylinder of radius 10 cm. Full curve—TM polarization;
broken curve—TE polarization.

mode frequencies are given by the resonance frequency, wy, of i (w) when the magnetic field
is parallel to the cylinder axis (lower peak, at 4 GHz, of the broken curve of figure 3), and by
the frequency w, given by u(w;) = —um, when the magnetic field is perpendicular to the
cylinder axis (peak at 5.1 GHz of the full curve). The electrostatic mode frequency is given
by e(w2) = —en when the electric field is perpendicular to the cylinder axis (peak at 7 GHz
of the broken curve). When the cylinder radius is increased to 1 cm the spectra shown in
figure 4 are obtained. Each of the three narrow peaks of figure 3 evolves into a broader band
consisting of a number of subsidiary peaks. For the parallel polarization (full curve of figure 4)
a band of magnetic modes appears in the frequency region between 4 and 6 GHz in which the
material is left-handed. For the perpendicular polarization (broken curve of figure 4), there
appear electric surface modes above 6 GHz and below 4 GHz. The spectra obtained for an even
larger radius of 10 cm are shown in figure 5. Only two prominent bands remain: the electric
surface modes below 4 GHz and near 6 GHz. The spectrum tends to flatten out in the region
just above the magnetic resonance frequency of 4 GHz. A similar phenomenon was found
for large spheres [17], and it results from the fact that in this frequency region the medium is
transparent (because the real part of both € and p are negative), so that highly localized surface
modes cannot be sustained.
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